Recent contributions to the embedding problem for probability measures on a locally compact group  by Heyer, H
JOURNAL OF MULTIVARIATE ANALYSLT 19, 11%131 (1986) 
Recent Contributions to the Embedding Problem 
for Probability Measures on 
a Locally Compact Group 
H. HEYER 
Universitcit Tiibingen, Tiibingen, West Germany 
Communicated by M. M. Rao 
1. INTRODUCTION 
In connection with the central limit problem for probability measures on 
a completely regular topological group G, one usually studies two sets of 
objects: the set of all infinitely divisible probability measures on G and the 
set of all continuous one-parameter convolution semigroups of probability 
measures on G. For both kinds of objects canonical representations a la 
Levy-Khintchine are wanted, which are known to describe the structure of 
those objects. Clearly this structure is closely related to the structure of the 
underlying group G. The link between infinitely divisible measures and con- 
tinuous convolution semigroups of measures on G is the notion of embed- 
dability of an infinitely divisible measure ~1 on G in the sense that there 
exists a continuous convolution semigroup (P,),~~ of measures on G 
satisfying pL1 = p. For the group R of real numbers the embedding property 
stating that every infinitely divisible probability measure is in fact embed- 
dable was established for the first time by Paul Levy. In the meantime it 
has become a key step in any approach to the central limit problem for 
probability measures on general locally convex vector spaces. 
It is easy to see that for arbitrary completely regular topological groups 
the embedding property is not satisfied. It has therefore been a well- 
motivated problem to characterize at least all locally compact groups that 
admit the embedding property. This program, however, is far from being 
completed. A remarkable impetus was given to the development of the 
problem during the years 1965 to 1975 when the problem was split into 
two subproblems: the rational and the continuous embedding. It turned 
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out that the rational embedding could be studied in a fairly general context 
whereas the continuous embedding enforced considerable restrictions on 
the underlying structure. The state of achievement up to 1977 has been 
described in detail in the author’s monograph [6, Chap. III]. For historical 
remarks and the related literature see the References and Comments at the 
end of that chapter. 
In the meantime important work has been done concerning the famous 
problem. It seems appropriate to present a survey of recent contributions 
to a wider mathematical public in order to stimulate further interest in the 
theory. 
In the second section of the exposition we recall the various notions of 
root compactness and cite the well-known examples. Section 3 contains 
new results on locally tight convolution semigroups. In Section 4, we give 
the main embedding theorem for strongly root compact groups and draw a 
few consequences. Examples of non-root compact groups having the 
embedding property follow. Section 5 is devoted to the restricted 
embedding property defined for probability measures with large support. 
The study of measures that are two-sided invariant with respect to a given 
compact subgroup yields embedding results for infinitely divisible 
probabilities on certain Gelfand pairs. This is the topic of Section 6. 
The author is grateful to Dr. M. McCrudden for lending him still 
unpublished material on the embedding problem. 
2. ROOT COMPACT MEASURES AND ROOT COMPACT GROUPS 
Let G be a locally compact group. By A’(G), we denote the weakly 
topological convolution semigroup of probability measures on G. For any 
measure ,u E A!‘(G) and any n 2 1, we introduce the sets 
R,(p) := {v~cAf’(G): v”=p} 
and 
R(n, p) := {vk: VER,(/l), 1 <k<n}, 
and for any ,u E A!‘(G) the root set of p as the set 
2.1. DEFINITION. Let p E &i”(G). 
2.1.1. ,U is said to be infinitely divisible if R,(p) # 0 for all n 2 1. 
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2.1.2. p is said to be root compact if p is infinitely divisible and R,(p) 
is compact for all n > 1. 
2.1.3. p is called strongly root compact if R(U) is relatively compact. 
By y(G), we denote the set of all infinitely divisible measures in J!‘(G). 
2.2. DEFINITION. Let G be a locally compact group. 
2.2.1. For a given n 2 1 the group G is said to be nth root compact if 
R,(p) is compact for all p E /(G). 
2.2.2. G is called root compact if G is nth root compact for all n 2 1. 
2.2.3. G is called strongly root compact if R(p) is relatively compact 
for all PEE(G). 
By Y, we denote the class of all strongly root compact groups. Clearly, 
every compact group belongs to Y. 
2.3. Properties 
2.3.1. Y is closed under forming closed subgroups. 
2.3.2. Y is closed under forming direct products. 
2.3.3. Let G be a locally compact group and let K be a compact nor- 
mal subgroup of G. Then G E Y iff G/KE Y. 
Proofs. Heyer [6, 3.5.3 and 3.1.111. 1 
2.4. Subclasses of Y 
Let [FC] - denote the class of locally compact groups G having 
relatively compact conjugacy classes. From the structure theory of such 
groups G, one knows that the set B(G) of compact elements of G is a 
closed normal subgroup of G such that G/B(G) is Abelian. See Grosser and 
Moskowitz [4, 3.161. 
2.4.1. Let G be a discrete group E [FC] -. Then G E Y iff B(G) is 
finite and G/B(G) is reduced in the sense that the set T(G/B(G)) of divisible 
elements of G/B(G) coincides with {B(G) ). 
2.4.2. Let G be an arbitrary group E [FC] -. Then GE Y iff B(G) is 
compact and T( G/B( G)) = (G/B(G)),, .I 
2.4.3. Let G be an Abelian locally compact group. Then GE Y iff 
B(G) is compact and T(G) = G,,. 
’ For any topological group G the connected component of its identity will be abbreviated 
by Go. 
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Proofs. Siebert [14, Lemma 1, p. 2441 (for 2.4.1), Yuan [ 15, 10.111 
(for 2.4.2), Siebert [14], and Heyer [6, 3.5.191 (for 2.4.3). 1 
We briefly recall W. Biige’s notion of root compactness in order to relate 
our discussion directly to the presentation in Heyer [6, Chap. III]. 
2.5. DEFINITION. Let G be a locally compact group. 
2.5.1. For a given n 2 1 the group G is called nth root compact in the 
~en,se of Biige if for any compact subset C of G there exists a compact sub- 
set C, of G such that all finite sequences {x,,..., x,} of G with X, = e 
satisfying 
Cx;Cx,nCx,+,=@ 
for all i + j < n are contained in C,. 
2.5.2. G is said to be root compact in the sense of Bilge if G is nth root 
compact in the sense of Bilge for every n 2 1. 
2.5.3. G is said to be strongly root compact in the sense of BGge if G is 
root compact in the sense of Bilge with a subset C, = Co independent of n. 
By &?,,, .Q?, and s,,, we denote the classes of groups defined in 2.5.1, 2.5.2, 
and 2.5.3, respectively. Clearly, 
2.6. Examples and Counterexamples 
2.6.1. Every compact group belongs to &%?,,. 
2.6.2. Every compactly generated locally compact Abelian group lies 
in gO, 
2.6.3. Every discrete free Abelian group belongs to &,. 
2.6.4. Every connected solvable Lie group such that its Lie algebra 
Lie(G) admits only real roots belongs to %$, in particular every connected 
nilpotent Lie group belongs to &$. A particular example of the latter class 
is the group of all proper a!line mappings of R. 
2.6.5. The discrete group Qd belongs to @ but not to go. 
3. LOCALLY TIGHT CONVOLUTION SEMIGROUPS 
Let G be a locally compact group and let S be a real directed semigroup 
defined as a subsemigroup of rW: (with respect to addition in R) such that 
for every pair s, t E S there exists a ME S and m, nE N with s = nu and 
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t = mu. We note that this notion of a real directed semigroup introduced by 
McCrudden in [ 111 coincides with the notion of a real submonogeneous 
semigroup applied in Heyer [6]. 
3.1. DEFINITION. A homomorphism 4: S +.4’(G) is said to be locally 
tight if for each I E S the set 
is relatively compact in J4 ’ (G). 
3.2. Special Cases 
3.2.1. If GE 9, then any homomorphism d from a real directed 
semigroup S into .4!‘(G) is necessarily locally tight. This follows from the 
inclusion 
valid for all r E S. 
3.2.2. Let G be a connected Lie group and d the homomorphism 
s + 4(s) := E, from a real directed semigroup S into .4’(G) which can be 
regarded as a homomorphism from S into G. Then the closed subgroup 
( (4(s): s E S} ) - generated by the set {d(s): s E S> is a closed Abelian sub- 
group of G and therefore E Y. By 3.2.1, d is locally tight. 
3.3. DEFINITION. Let 4 be a homomorphism of a real directed 
semigroup S into JZ1 (G). The subgroup 
‘34) := ( u ..PP(&))) - 
scs 
is called the supporting subgroup of 4 in G. 
3.4. THEOREM. Let G be a locally compact group, S a real directed 
semigroup, and 4 a homomorphism S + A’(G) satisfying the conditions 
(i) G($) is a Lie group. 
(ii) WYWh is finitely generated and has a finitely generated 
centre. 
Then 4 is locally tight. 
As a consequence of Theorem 3.4, we obtain 
3.5. THEOREM. Let G be a Lie group such that G/GO has all subgroups 
finitely generated, and let q5 be a homomorphism from a real directed 
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semigroup S into J’(G) such that for some SE S the subgroup H(s) := 
(supp(4(s)))- is solvable. Then I$ is locally tight. 
Proofs of the two preceding results are given in McGrudden [ 111. 
3.6. Applications 
3.6.1. If G is a solvable Lie group such that G/Go has all subgroups 
finitely generated, then every homomorphism 4: S + A’(G) is locally tight. 
In particular, 
3.6.2. Any simply-connected solvable Lie group G has the property 
that every homomorphism 4: S + &Y’(G) is locally tight. 
3.6.3. For G = SL(2, W) with K := R or @ any homomorphism 
4: S --, A*(G) is locally tight. 
This follows from the fact that for each SE S the subgroup H(s) either 
acts irreducibly on K* or else is solvable. In the latter case Theorem 3.5 
applies. 
4. RATIONAL AND CONTINUOUS EMBEDDING 
Let G be a locally compact group, and let S denote a dense sub- 
semigroup of R + with the property that for all r, s E S such that r < s, one 
has s-rES. 
A family (L),~~ in A’(G) is said to be a convolution semigroup in 
&Y’(G) if the mapping r + ,ur is a semigroup homomorphism from S into 
A’(G). (PL,Ls is called a continuous convolution semigroup in d’(G) if the 
homomorphism r--f pI is continuous. For any continuous convolution 
semigroup (CL,),, s in 1’(G) the limit measure p,, := lim, _ ,, pr exists and is 
an idempotent in A’(G), thus of the form p,, = oH for some compact sub- 
group H of G. In this case (fir), E s is said to be H-continuous, or just e-con- 
tinuous if H= {e>. 
For S:=Q+, we speak of rational convolution semigroups, for S := Iw + 
of real convolution semigroups in J’(G) if this emphasis is needed. 
Any continuous convolution semigroup (pr)rES in &Y’(G) can be uni- 
quely extended to a real convolution semigroup in A’(G). Therefore con- 
tinuous convolution semigroups in &Z’(G) will always be regarded as 
families (P,)~, w  + in A’(G) or equivalently as continuous semigroup 
homomorphisms t -+ p, from R + into A’(G). 
In the following we need consider for any given compact subgroup H of 
G the sets &‘(G, H) and &‘(H, G, H) of H-right invariant and of H-biin- 
variant measures of A”(G), respectively. Clearly, JZ’(G, H) and 
d’(H, G, H) are closed subsets of d’(G). .M’(H, G, H) is even a closed 
subsemigroup of &Z’(G) with w,, as its unit element. 
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4.1. THEOREM. Let G be a locally compact and let pe &Y’(G) be a 
strongly root compact measure. Then there exist 
(1) a rational convolution semigroup (pr),, a + in M’(G) with u0 = coH 
for some compact subgroup H of G such that p, = t.~, and 
(2) an H-continuous convolution semigroup (v,),,~+ in &l(G) with 
v. = ,uO having the following properties: 
(24 K=no-, (pL,: 0 < r < E} - is a compact, connected Abelian 
group in A’(G) with unit element oH. 
(2b) For every r E Q + the measure v, lies in the centralizer of K in 
&‘(H, G, H). 
(2~) For every rEQ+ there exists a measure u, E K such that 
v, = p, * lc,. 
The proof of this general embedding theorem given in Heyer [6, 3.541, 
in particular the existence of the H-continuous convolution semigroup 
(VtL R+ in .&Z’(G), relies on the observation that 
{h:rEQ+ nlO,ll}cN~L). 
4.2. DEFINITION. A measure ~1 E M’(G) is said to be continuously embed- 
dable if there exists a continuous convolution semigroup (Pi),, R+ in 
d’(G) such that pl =p holds. 
Let b(G) denote the set of all continuously embeddable measures in 
A”(G). 
Obviously, b(G) c y(G). In the following we shall be interested in 
groups G for which the inverse inclusion f(G) c B(G) holds. 
4.3. Application of the Theorem 
Let GE 9’ and let every compact connected subgroup of G be arcwise 
connected. Then y(G) c b(G). 
This follows from the fact that under the assumption made the group K 
of Theorem 4.1, being an arcwise connected, compact Abelian group, is the 
union of its one-parameter subgroups. 
The assumption of arcwise connectedness is satisfied if Go is a Lie group, 
in particular if G itself is a Lie group or totally disconnected. 
4.4. Examples 
The following types of locally compact groups and their closed sub- 
groups have the embedding property in the sense of y(G) = b(G): 
4.4.1. compact Lie groups; 
4.4.2. totally disconnected compact groups, in particular compact 
torsion groups or reduced compact Abelian groups; 
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4.4.3. connected Abelian Lie groups; 
4.4.4. solvable connected Lie groups whose Lie algebra has real roots 
only, in particular connected nilpotent Lie groups; 
4.4.5. discrete Abelian groups Z , X in particular discrete free Abelian 
groups; 
4.4.6. Lie groups G in [FC] - such that B(G) is compact and 
T(GIWG)) = (GIWG)),; 
4.4.7. locally compact Abelian groups G such that B(G) = {e} and 
T(G) = G,,. 
For proofs see Heyer [6, 3.1.12-3.1.251, and 2.4 and 2.6 above. 
For a given locally compact group G, we abbreviate by L(G) = 
Hom(R, G) the totality of one-parameter subgroups in G, and by exp the 
exponential mapping L(G) + G given by exp(f) := f( 1) for all f E L(G). If 
L(G) carries the compact open topology, then exp is continuous. 
4.5. THEOREM. For any locally compact Abelian group GE 9’ the follow- 
ing statements are equivalent: 
(i) G has the embedding property. 
(ii) GO is arcwise connected. 
(iii) exp L(G) = G,. 
In particular any arcwise connected locally compact Abelian group has 
the embedding property. 
Proof Heyer [6, 3.512 for (i)o(ii)] and Dixmier [3, Theorem 1 for 
(ii)0 (iii)]. 1 
We add a recent result due to McCrudden [9]. 
4.6. THEOREM. Let G be a simple connected solvable Lie group E 9& for 
some k > 2. 
Then G has the embedding property. 
Proof First of all one notes that for any measure p E j(G) there exists 
convolution semigroup (pr)lES in .&Z’(G) with S:=S, := 
ym/2*: m, n E N 1 such that ,ui = p holds, since by the assumption G E Wk, 
for every compact subset JV of A’(G) the set 
is compact (Parthasarathy [13], Corollary 21 and Heyer [6, 3.1.41). 
Next we infer from Application 3.6.2 that the homomorphism r + pLr con- 
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strutted above is locally tight. Since G has no proper compact subgroup, 
this implies 
lim pL, = cl0 = 8,. 
r-0 
Extension of r + pr to a continuous homomorphism from R + into 
A’(G) yields the result. 1 
4.7. Examples of Nonroot Compact Groups G Which Have the Embedding 
Property 
4.7.1. SL(2, W) with K := Iw or C (see Parthasarathy [13], McCrud- 
den [lo]). 
4.7.2. Let a E @* and define the group G, to be the semidirect poduct 
C x ‘1= R of C and R with defining homomorphism q.: R + Aut(C) given 
by 
q,(x)(c) := ceaX 
for all x E R, c E @. Clearly, the group operation in G, is given by 
(c, x)(c’, x’) := (c + eaXc’, x + x’) 
for all (c, x), (c’, x’) E C x R. 
It has been noted in Yuan [16, Example 21 (or Heyer [6, 3.1.26]), that 
G, $ Ye, for all n 2 1. In particular, for a purely imaginary, G, E %?n for all 
n > 2, while for a of the form 
1 - in/log 2, G, 4.%. 
However, if a is not purely imaginary, then G, turns out to be EBB. 
Theorem 4.6 yields that for purely imaginary a, G, has in fact the 
embedding property. For detailed arguments see McCrudden [9]. 
5. EMBEDDING OF ADAPTED MEASURES 
Let G be a locally compact group this time with a countable basis of its 
topology. 
A measure p E A’(G) is called adapted if 
<supp(p)> - = G. 
We are going to discuss the restricted embedding property of G in the 
sense that the set f&(G) of adapted infinitely divisible probability 
measures on G is contained in d(G). 
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5.1. THEOREM. Every connected Lie group G has the restricted embedding 
property. 
The proof of this theorem due again to McCrudden [8] is based on the 
fact that for a connected Lie group G the root set R(p) of any adapted 
measure p E J%“(G) is relatively compact. Given a measure p E y&‘(G), we 
note that ,U is strongly root compact, thus there exists a rational con- 
volution semigroup (pL,),, d + in J’(G) with ~1~ =p and such that the set 
{,k:rEQ+ n[O, II> 
is relatively compact, But this suffices to see that p is in fact continuously 
embeddable by arguments as in Theorems 4.1 and 4.5. 
6. EMBEDDING OF INVARIANT MEASURES 
For a given pair (G, K) consisting of a locally compact group G and a 
compact subgroup K of G, we consider the semigroup .,H’(K, G, K), and 
within this semigroup we are interested in infinitely divisible, strongly root 
compact, and continuously embeddable measures. 
More generally we consider an arbitrary subsemigroup N of ./Z’(G) and 
the notions of infinite divisibility, strong root compactness, and continuous 
embeddability in JV. 
6.1. THEOREM. Let G be a Lie group and let ,N be a closed subsemigroup 
of k”(G). Then every measure ,u~ JV which is infinitely divisible and 
strongly root compact both in M is continuously embeddable in N. 
Proof By the arguments of the proofs of Theorems 4.1 and 4.5. 1 
6.2. Application of the Theorem to the Semigroup M := 4?‘(K, G, K) 
In order to show that any infinitely divisible measure ,u E JZ’(K, G, K) is 
continuously embeddable in JZ’(K, G, K), it suffices to show that /J is 
strongly root compact in the whole of A’(G). 
6.2.1. Let G be a compact Lie group and K a compact subgroup of G. 
Then every infinitely divisible measure in &f’(K, G, K) is continuously 
embeddable in &‘(K, G, K). 
This assertion is an immediate consequence of Theorem 6.1, since G is 
strongly root compact which means that any infinitely divisible measure in 
.M’(K, G, K) is strongly root compact in J!‘(G). 
We note that this application shows that for any Gelfand pair (G, K) of 
compact type, i.e., with a compact, connected, semisimple Lie group G, we 
have the embedding property for &‘(K, G, K). A particular example is the 
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Gelfand pair (G, K) associated with the d-dimensional sphere Sd= G/K 
with G := SO(d+ 1) and K := SO(d) for d3 2. 
For some analysis and probabilistic applications of Gelfand pairs see 
Heyer [7]. 
6.2.2. Let (G, K) be a Gelfund pair of Euclidean type with G := M(d) 
the motion group of Rd and K := SO(d) such that G/K N [Wd for d > 2. Then 
every infinitely divisible measure in &‘(K, G, K) is continuously embed- 
dable in .M’(K, G, K). 
More generally we have the following result of McCrudden’s. 
THEOREM. Let G be a Lie group which is the semidirect product of a vec- 
tor group V with a compact group K. Then every K-right invariant measure 
BLEAT is strongly root compact in A’(G). 
The proof is based on a 
LEMMA. Let G be a Lie group and let V be a normal vector subgroup such 
that G/V is compact. Let p E A’(G) be such that 
(supp(p) v V) - = G. 
Then u is strongly root compact in A”(G). 
We proceed to the proof of the theorem. Since p E A’(G) is assumed to 
be K-right invariant, x E supp(p) implies xk E supp(p) for all k E K. Hence 
(supp(p)) - 2 K and thus (supp(p) u V) - = G. By the Lemma the asser- 
tion is proved. 
6.2.3. Let (G, K) be a Gelfand pair of noncompact type with a non- 
compact, semisimple, connected Lie group G having a finite center, and a 
maximal compact subgroup K of G. Then every infinitely divisible measure 
in .&Z’(K, G, K) is continuously embeddable in A’(K, G, K). 
More generally we have the following result due to Parthasarathy [12]. 
THEOREM. Let G be a noncompact, connected, semisimple Lie group with 
finite center and K a maximal compact subgroup of G. Then every measure 
p E .M’(G, K) is strongly root compact in A’(G, K). 
The proof is based on a crucial 
LEMMA. Let G be a noncompact, connected, semisimple Lie group with 
finite center and K a maximal compact subgroup of G. Let (pJ,> , be a 
sequence of measures in Al(G) K) and (x,), z, a sequence in G such 
(PL, * Ql P 1 is relatively compact. Then (/A,,),, z 1 is relatively compact. 
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ProoJ: From the relative compactness of (p, * E,J,~ 1 we conclude that 
for every E >O there exists a compact subset C, of G satisfying 
pJC,x;‘) > 1 - E for all n 3 1. Since p,, is K-right invariant, we have 
&(C,X,‘k) = I(JC,:x,-‘) > 1 - & 
for all n > 1 and all k E K. If E is chosen < f, then 
C,x, ‘k n C,x,; ’ # 0 
foralln~landallk~K,orx~lkx,~C;lC,foralln~l,k~K. 
It remains to show that (x,), r r is relatively compact in G. From a deep 
theorem of Harish-Chandra [S, Theorem 21, we infer the existence of a 
symmetric spherical function &, >O for (G, K) with the property that 
lim &(x) = 0. 
.li - %R 
From the sphericity of &,, we obtain 
6Xxn) = .r,h(x,‘kxn) o,(dk) 
for all n > 1. But then for x, + cc if n + co, we see that the left-hand side of 
this equation tends to zero, and since C;‘C, is compact, the right-hand 
side is bounded away from zero. This shows that (x,),, , is relatively com- 
pact. 1 
Proof of the theorem. Let ~LEJY’(G, K). We consider the root set R(p) 
as a subset of the set 9(p) of two-sided factors of p. Thus it suffices to 
show that 9(p) is relatively compact in M’(G, K). Let (v,),, r be a 
sequence in 9(p). Then by Heyer [6, 1.2.211, there exists a sequence 
(XJ”, 1 in G such that (v, * sic,)” >, is relatively compact in d’(G). The 
above lemma implies that (v,),, , itself is relatively compact in 
M’(G, 0 I 
6.2.4. As a special case of 6.2.3, we mention the Gelfandpair (G, K) of 
hyperbolic type with the d-dimensional Lorentz group G := SO,(d, 1) and 
K := SO(d) such that G/K- H(d), the hyperbolic space of dimension da 2. 
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